Abstract. We give examples of rank-one transformations that are (weak) doubly ergodic and rigid (so all their cartesian products are conservative), but with non-ergodic 2-fold cartesian product. We give conditions for rankone infinite measure-preserving transformations to be (weak) doubly ergodic and for their k-fold cartesian product to be conservative. We also show that a (weak) doubly ergodic nonsingular group action is ergodic with isometric coefficients, and that the latter strictly implies W measurable sensitivity.
Introduction
The weak mixing property for finite measure-preserving transformations, or actions, has several interesting and different characterizations that are all equivalent, see e.g. [8] . In [20] , Kakutani and Parry were the first to show that for infinite measure-preserving transformations this is not the case in general. In particular they constructed, for each integer k, an infinite measure-preserving Markov shift T such that the k-fold cartesian product T (k) = T × · · · × T is ergodic but the k + 1 product T (k+1) is not conservative, hence not ergodic. In [3] , Aaronson, Lin, and Weiss constructed an infinite measure-preserving Markov shift T so that for all ergodic finite measure-preserving transformations S the product T × S is ergodic but T ×T is not conservative, hence not ergodic. Since that time there have been several works that have studied related examples and counterexamples, that probably can be divided into those which have studied conditions stronger than ergodicity of the cartesian square, and those which have studied conditions weaker than ergodicity of the cartesian square; see [14] for a survey of some of the work, and [18] for more recent results on properties weaker than ergodicity of the cartesian square. In this paper we consider a condition that is weaker than ergodicity of the cartesian square. Before stating our results we review some definitions.
We consider standard Borel measure spaces, denoted (X, S, µ), where µ is a nonatomic σ-finite measure, which we assume is infinite. We will also consider a probability measure on (X, S) which we denote by m (or m ′ ). All the transformations we study are invertible and measure-preserving with respect to µ or nonsingular with respect to m. A transformation T is ergodic if for every invariant set A, µ(A) = 0 or µ(X \ A) = 0, and conservative if for every measurable set of positive measure A, there exists n ∈ N such that µ(A ∩ T −n A) > 0. (We let N be the set of strictly positive integers.) If T is invertible and µ is nonatomic, then it is conservative when T is ergodic, see e.g. [23, 3.9 .1].
A transformation T on (X, µ) is weakly mixing [3] if for all ergodic finite measure-preserving transformations S on (Y, m) the cartesian product T × S is ergodic . A transformation T on (X, µ) is doubly ergodic, henceforth called weak doubly ergodic, or WDE, if for every pair of measurable sets of positive measure A, B, there exists a positive integer n such that µ(A ∩ T −n A) > 0 and µ(B ∩ T −n A) > 0 [9] . A transformation T has ergodic cartesian square if T × T is ergodic. It is clear that ergodic cartesian square implies weak doubly ergodic. For nonsingular group actions, ergodic cartesian square (i.e., ergodic index at least 2) has also been called doubly ergodic (see [17] and the discussion in Section 7 below), and to avoid confusion between the two notions, in this paper we are using "weak doubly ergodic" instead of "doubly ergodic" as in [9] .
It was shown in [9] that, in infinite measure, weak doubly ergodic does not imply ergodic cartesian square, and that while weak doubly ergodic implies weak mixing, the converse also does not hold in infinite measure. Thus weak doubly ergodic lies properly between weak mixing and ergodic cartesian square.
A transformation T has ergodic index k if T (k) is ergodic but T (k+1) is not ergodic [20] . Then in the notation of Kakutani and Parry [20] , the property of ergodic cartesian square is ergodic index at least 2. A transformation has infinite ergodic index if all finite cartesian products are ergodic. Similarly one defines conservative index k and infinite conservative index.
We say that a transformation T is at least ρ-partially rigid for 0 < ρ ≤ 1, if, for all finite measurable sets A, there exists a sequence n m → ∞ such that lim m→∞ µ(A∩T nm (A)) ≥ ρµ(A). If T is at least ρ-partially rigid but not at least ε-partially rigid for all ε > ρ, then T is called ρ-partially rigid. The transformation is called rigid if ρ can be taken to be 1.
We now describe our results. In Section 2 we review rank-one transformations in infinite measure and the notion of descendants. In Section 3 we give a condition for rank-one transformations that implies conservativity of their cartesian products. We note that there exist infinite measure-preserving rank-one transformations T such that T × T is not conservative [4] . In Section 4 we generalize a condition from [9] for rank-one transformations and prove that this condition implies weak double ergodicity. Section 5 studies conditions for partial and full rigidity. Our main construction is in Section 6; we construct rank-one transformations T that are weak doubly ergodic and with T × T conservative but not ergodic. These constructions generalize the results in [9] , where there are (weak) doubly ergodic transformations such that T × T is not conservative (hence not ergodic). Thus our examples show that when T is weak doubly ergodic, even when T ×T is conservative it need not be ergodic. In this context we mention that the original examples of Kakutani and Parry [20] , as well as the examples of Aaronson, Lin and Weiss [3] are Markov shifts, and they establish that the cartesian square is not ergodic by showing that the cartesian square is not conservative. More recently, Adams and the second named author [5] have constructed rigid (rank-one) transformations that are of ergodic index k for each k. We also show that our construction can be taken to be rigid, hence of infinite conservative index.
In the last section we consider nonsingular group actions. Recently, Glasner and Weiss [18] have studied a property for nonsingular group actions called ergodic with isometric coefficients, and have proved that ergodic cartesian square implies this property. They also showed that there exists an integer infinite measure-preserving action T that is ergodic with isometric coefficients but is such that T × T is not conservative, hence not ergodic [18, Proposition 7.1] . In Section 7 we show that weak double ergodicity implies ergodic with isometric coefficients. Our construction from Section 6 thus gives an infinite measure-preserving transformation T that is ergodic with isometric coefficients but while T × T is conservative it is not ergodic. We also discuss notions of measurable sensitivity, and show that EIC implies but is not implied by Li-Yorke measurable sensitivity and W -measurably sensitivity in Proposition 7.3.
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Rank-One Transformations
Our main results will be achieved through rank-one cutting and stacking constructions, which are defined as follows. A Rokhlin column or column C is an ordered finite collection of pairwise disjoint intervals (called the levels of C) in R, each of the same measure. We think of the levels in a column as being stacked on top of each other, so that the (j + 1)-st level is directly above the j-th level. Every column C = {I j } is associated with a natural column map T C sending each point in I j to the point directly above it in I j+1 . A rank-one cutting-and-stacking construction for T consists of a sequence of columns C n such that:
(1) The first column C 0 is the unit interval.
(2) Each column C n+1 is obtained from C n by cutting C n into r n ≥ 2 subcolumns of equal width, adding any number s n,k of new levels (called spacers) above the kth subcolumn, k ∈ {0, . . . , r n − 1}, and stacking every subcolumn under the subcolumn to its right. In our treatment of these constructions, the spacers will be intervals drawn from X that are disjoint from the levels of C n and the other spacers added to it, They will also be of the same length as the levels of the subcolumns of C n (so that T is measure preserving). In this way, C n+1 consists of r n copies of C n , possibly separated by spacers. (3) X = n∈N C n . We then take T to be the pointwise limit of T Cn as n → ∞. A transformation constructed with these cutting and stacking techniques is rank-one, and we often refer to cutting and stacking transformations as rank-one. A rank-one transformation is clearly conservative ergodic. Now given any level I from C m and any subsequent column C n , n ≥ m, we define the descendants of I in C n to be the collection of levels in C n whose disjoint union is I. We let the n th stage descendant set D(I, n) contain as elements the zeroindexed heights of these levels in C n . For j ≥ 0, let h j denote the height of the topmost level in C j , and set h j,k = h j + s j,k for k ∈ {0, . . . , r j − 1}. If I is a level in C i of height h(I), then the descendants of I in C i+1 are at heights h(I) and h(I) + ℓ k=0 h i,k , 0 ≤ ℓ < r i − 1. For every n ∈ N, we set
and call H n the n th -stage height set of T . It follows that for any I a level of C i and j ≥ i, D(I, j) = H i + . . . + H j−1 . (For integer sets K, L ⊂ Z, we will set K + L = {k + ℓ : k ∈ K, ℓ ∈ L} as the sum set of K and L. ) One can infer a number of the properties of a rank-one transformation T using its height sets and resultant descendant sets, as will be seen in the following sections.
Conservativity of Products
We have the following equivalent condition to conservativity of products of rankone transformations, which is proved as Proposition 4.2 in [11] .
Proposition 3.1. Let T be a rank-one transformation. Then the product transformation T (k) = T × · · · × T on X is conservative if and only if for every ε > 0 and i ∈ N there is a j > i such that at for at least
k , where I is the base of column C i , there exist comple-
This leads to the following theorem on the conservativity of products of rank-one transformations. k of the form (a 0 , . . . , a k−1 ) which do not have a 0,p = a 1,p = · · · = a k−1,p for some p ∈ {i, . . . , j − 1}. Then
If T satisfies the stated condition then
Consider such a k-tuple. Let γ ∈ H p be any other element in H p (i.e., γ = a 0,p ), and set
which is also an element of D(I, j ′ ).Because this holds for an arbitrarily high proportion of the tuples (a 0 , . . . ,
It is known that composition powers of a conservative transformations are conservative (see e.g. [1, Corollary 1.1.4]). Hence, T ℓ (k) must be conservative for any ℓ.
Remark: It can easily be seen that the converse of Theorem 3.2 does not hold. For example, by letting the height sets of T be arithmetic progressions with very large and quickly increasing lengths, we can obtain a transformation which is rigid.
Double Ergodicity Preliminaries
To establish the non-ergodicity of cartesian squares of rank-one transformations, we require the following lemma.
Lemma 4.1. For a rank-one cutting and stacking transformation T , if T × T is conservative ergodic, then for every i ∈ N, ε > 0, b ∈ {0, . . . , h i − 1}, there is a natural number j > i such that for at least (1 − ε)|D(I, j)| 2 pairs of descendants of the base I of column C i of the form (a, a ′ ) ∈ D(I, j) 2 , we have corresponding pairs
Proof. This is a straightforward application of Lemma 2.4 from [11] with α = (1, 1).
The following lemma is standard: Lemma 4.2. Let T be a rank-one cutting and stacking transformation. Given ε > 0 and any sets A, B ⊂ X, both of positive measure, there exist intervals I and J in some column C n of T , with I above J, such that I is (1 − ε)-full of A and J is (1 − ε)-full of B.
The following concerns weak double ergodicity and is Lemma 5.3 from [10] . Lemma 4.3. Let T be a rank-one transformation. Let A, B ⊂ X be sets of positive measure, and choose any levels I, J ⊂ C n such that µ(I ∩ A) + µ(J ∩ B) > δµ(I), with I a distance ℓ ≥ 0 above J. If we cut I and J into r n equal pieces I 0 , . . . , I rn−1 and J 0 , . . . , J rn−1 , respectively (numbered from left to right), then there is some k such that
A staircase transformation is one for which we cut every column C n into r n pieces, and place i spacers over its i th (0-indexed) subcolumn, so that its height set elements are sums of multiples of h n with triangular numbers. They became of interest when Adams [6] proved that the classical finite measure-preserving staircase transformations (r n = n) is mixing. In [10] , tower staircases were defined as a staircase but with no restriction on the number of spacers in the last subcolumn and it was shown that all staircase transformations are (weakly) doubly ergodic [10, Theorem 2] . We show in Proposition 4.4 that this holds more generally for transformations that contain infinitely many height sets with a partial staircase configuration.
A high staircase transformation, as defined in [13] , is a modified staircase transformation in which we take r n → ∞ as n → ∞, and we place i + z n spacers over the i th subcolumn of C n , where (z n ) ∞ n=1 is a sequence of positive integers. A high staircase is a tower staircase. Corollary 4.5 shows that high staircase transformations are all weak doubly ergodic, giving another proof of the result from [10] . However, in Corollary 6.3, we show that not all high staircase transformations are power weakly mixing (indeed, not all such transformations have conservative cartesian square), providing a counterexample to a conjecture made in [13] , wherein high staircases that are power weakly mixing are constructed. A rank-one transformation is an arithmetic rank-one transformation if there exists an infinite sequence (n i ) i∈N indexing nonnegative integers a ni and height sets H ni which contain subsets of the form:
> τ for some fixed τ > 0, and r ni is unbounded, and r n ≥ 2 for all n. If in addition (n i ) i∈N = i − 1, a ni = 0, and H ni = S ni for all i we say it is a strongly arithmetic rank-one transformation. . For brevity, set n = n i ′ . Applying Lemma 4.3 n − N times, we can find levels I and J in C n such that µ(I ∩ A) + µ(J ∩ B) > (2 − ν)µ(I), and I = T ℓ (J) (that is, I is ℓ above J). Obviously, this implies that
Now let I 0 , . . . , I sn−1 denote from left to right the descendants of I in column C n+1 . Define J 0 , . . . , J sn−1 similarly. By (1), fewer than 2νr n of the descendants of I are less than half-full of A. But by selection, 2νr n s n < 2ετ r n 2s n < ε.
So more (1 − ε)s n of the subintervals in I 0 , . . . , I sn−1 are more than half-filled with A and similarly for J 0 , . . . , J sn−1 and B. Note that for any j, 1 ≤ j ≤ s n − ℓ − 1, we have that
, and
We have
by selection of n and s n . So there exists some j
So T is weak doubly ergodic.
As an easy consequence, we have:
). All high staircase transformations are weak doubly ergodic.
It is clear that the height sets of staircase transformations make extensive use of triangular numbers. The following lemma is an easy observation which we will exploit later.
Lemma 4.6. Fix integers a, b ∈ N and c ∈ Z such that |c| < min{a, b}. Let
Lemma 4.7. Let k be a fixed integer and for an r ∈ N, define H(r) = {1, . . . , r}.
Fix an m ∈ N, and let ε ∈ R with ε > 0. is also m 2 , but (m − 1) 2 of these pairs are also in A 2 1 (specifically, those that occur in {2, m} 2 . So |A
Continuing this process for A 3 , . . . , A r−m , we see that
, and therefore (2) lim r→∞ |D(r, m)| |H(r)| 2 = 0.
Partial Rigidity and Rigidity
In this section, we will see that rigidity can be determined in the notation of height sets, with an application to the transformation discussed in Theorem 6.4. We begin with the following proposition, which gives us a useful way of constructing rank-one transformations with partial and full rigidity using only the height sets. As standard notation, for k ∈ N, let [k] = {0, . . . , k}.
Proposition 5.1. Let T be a rank-one transformation defined with its height sets (H n ) n∈N . If there is a sequence n m → ∞ and a corresponding sequence a nm of positive integers such that
then T is at least ρ-partially rigid.
Proof. First, for any n ∈ N, let S n ⊂ {0, . . . , h n−1 } be any subset of [h n ]. Let I n denote the base of C n and I n+1 the base of C n+1 . Recall that
Suppose that for some natural number k,
Now fix any finite measure set A and ε > 0 with ε < µ(A). Set an N ∈ N such that for every n ≥ N there exists some set of levels D * (A, n) ⊂ [h n ] and corresponding set B = j∈D * (A,n) T j (I n ), where I n is the base of C n , such that µ(A ∆ B) < ε 6 . So A is closely approximated by the set of levels B. By the assumed conditions on T , we can also fix N high enough such that
whenever n m ≥ N . For brevity, let n = n m ≥ N . By application of (3),
.
, this allows us to write that
Note that we necessarily have a nm ≥ min ((
so lim m→∞ a nm = ∞. Hence, the sequence (a nm ) forms a rigidity sequence for any A.
A Strictly weak doubly ergodic, Rigidity-Free Transformation T
We now construct a weak doubly ergodic transformations with T ×T conservative but not ergodic. First, we define T by its height set sequence. For even n, let H n = {0, g n }, where g n is chosen to satisfy g n > 2 max D(I, n) + 1. By Lemma 4.7, we can choose the number of cuts to be employed in (n + 1) th height set r n+1 so high that at least 1 − 1 4(n+1) 2 of the pairs (i, j) ∈ {0, . . . , r n+1 − 1} 2 have |i − j| > 2 max D(I, n + 1) + 1 = 2 max D(I, n) + 2g n + 1. Place enough spacers on the rightmost subcolumn of C n such that
For notational ease, we may write
where β i = ih n + x i − 1, and x i is the i th triangular number.
Lemma 6.1. T × T is not ergodic.
Proof. Fix an odd n ∈ N. Let (β i , β j ) be one of the pairs in H n such that |i − j| > 2 max D(I, n) + 1. Let β h and β ℓ be two other elements of D(I, n)-we claim that if β i − β j = β h + β ℓ , then the following inequality always holds:
Suppose first that we had h − ℓ = i − j. Then we should have
where the last line follows from (4). On the other hand, if h − ℓ = i − j, then the situation is the one encountered in Lemma 4.7, with c = j − i and
So, letting (β i , β j ) be one of the pairs such that |i − j| > 2 max
n consisting of precisely the pairs (β i , β j ) where |i − j| exceeds 2 max D(I, n) + 1. By construction, we have that
For any n ∈ N and any pair (a, a ′ ) ∈ D(I, n), we use the sum decomposition
; such an integer clearly must exist between 0 and n − 1. By selection of a and a ′ , if k is odd, then |a k − a
So for any n, over half of the pairs (a, a
By a similar proof, the following lemma holds for strongly arithmetic rank-one transformations (where every height set has the staircase form). 
Proof. By Proposition 3.1, it suffices to show that the fraction of k-tuples
. . , k is bounded below by some ε > 0 for every n. As in the proof of Lemma 6.1, Lemma 4.6 guarantees that any k-tuple (a 1 , . . . , a k ) with (a 1j , . . . , a kj ) ∈ K j ⊂ H n for all j = 0, . . . , n − 1 will not have a complementary pair (d 1 , . . . , d k ) with this property. But the fraction of such pairs is bounded bounded below by
This has clear implications for high staircase transformations, which were conjectured to be power weakly mixing by the authors in [13] . Specifically, by Lemma 6.2, when (r n ) increases sufficiently fast, we can guarantee that T ×T is not conservative for a strongly arithmetic rank-one T : Corollary 6.3. There exist high staircase transformations which do not have conservative cartesian squares.
However, it is possible that all strongly arithmetic rank-ones satisfying the restricted growth condition used in [13] 
We now return to the main transformation of this section. We prove that there exist weak doubly ergodic transformations with conservative though not ergodic cartesian square. We note examples of tower rank-one transformations that are weak doubly ergodic but with non-conservative cartesian square were constructed in [9] . Also, as Aaronson has mentioned to the authors [2] , for 0 < t < 1, if u n = (n + 1) −t , then {u n } is a Kaluza sequence, thus there exists an invertible, rational weak mixing Markov shift T with a state 0 so that p (n) 0,0 = u n . For t > 1/2, T × T is not is not conservative. By [12] , rational weak mixing implies weak doubly ergodic, so this give another example of a double ergodic transformation with nonconservative cartesian square. Our examples below can also be chosen to be rigid (Theorem 6.5). We note that rigid rank-one transformations with cartesian square were constructed in [7] , and rigid rank-one transformations with infinite ergodic index were constructed in [5] .
Theorem 6.4. There exists a weak doubly ergodic T which is partially rigid but with T × T non-ergodic.
Proof. T is weak doubly ergodic by Proposition 4.4 and at least 1 2 -partially rigid by application of Proposition 5.1 to the even height sets H 2n , n ∈ N, with a 2n = γ 2n . In addition, T × T is not ergodic by Lemma 6.1. Theorem 6.4 can be extended to fully rigid transformations, as we show next.
Theorem 6.5. There exists a transformation T which is rigid and weak doubly ergodic, but with T × T not ergodic.
Proof. For n even, set H n = 0, γ n , 2γ n , . . . , (n− 1)γ n , where γ n = 2h n . Thus, the height set sequence contains a subsequence of arithmetic progressions of increasing length, so Proposition 5.1 implies rigidity.
As was the case in Theorem 6.4, for n even, add enough spacers on the rightmost subcolumn of column C n for n even in order for
where we have selected a number of cuts r n+1 satisfying equation (6) for m = 2 max D(I, n + 1) + 1. Then, set H n+1 equal to the staircase height set with r n+1 subcolumns. The argument is finished by methods already employed.
Weaker Notions of Mixing
7.1. Weak Double Ergodicity Implies EIC. In [17] , Glasner and Weiss studied, for nonsingular actions of locally compact second countable groups, several conditions that are weaker that ergodicity of the cartesian square and stronger that ergodicity of the action. In this section we show that weak double ergodicity is stronger than ergodicity with isometric coefficients (EIC). This is the only section where we consider nonsingular group actions.
Let G be a locally compact second countable topological group. A (Borel) Gaction on (X, m) is weak doubly ergodic if for all sets A, B ⊂ X of positive measure there exits g ∈ G such that m(T g A ∩ A) > 0 and m(T g A ∩ B) > 0. As mentioned in [17] , double ergodicity has also been used to mean ergodicity of the diagonal action on the cartesian square (see [17] and references therein); this is different from double ergodicity as defined in [9] and in order to differentiate the notions we are using weak double ergodicity for the notion in [9] .
The following lemma is a straightforward generalization of Proposition 2.1 from [9] , which handles the case of integer actions. The proof is essentially the same.
Lemma 7.1. Let {T g } g∈G be a group action on σ-finite space X; then T is weak doubly ergodic if and only if for every k ∈ N and positive measure sets
A nonsingular action {T g } g∈G is said to be ergodic with isometric coefficients (EIC), see [17] and references therein, if every factor map (i.e., Borel equivariant map) φ : X → Z where (Z, d) is a separable metric space and where the factor action acts by isometries is constant a.e. In [17] the authors show that ergodic cartesian square implies EIC, and that EIC implies weak mixing (which is defined analogously to weak mixing for the integer action case-they also consider other notions which we do not address in this paper). In this section we first observe that ergodic cartesian square clearly implies weak double ergodicity and in Proposition 7.2 prove that weak double ergodicity implies EIC. In [17] it is also shown that there exist infinite measure-preserving Z actions T that are EIC but not ergodic cartesian square. The proof that T is not ergodic cartesian square is obtained by showing its cartesian square is not conservative.
In [9] , the authors construct infinite measure-preserving rank one transformations S such that S is (weak) doubly ergodic, hence EIC by 7.2, but S × S is not conservative, hence not ergodic. The examples we construct here give integer actions that are EIC (as they are weakly double ergodic) with conservative but not ergodic cartesian square. The equivalence of EIC with weak double ergodicity is left open. Proposition 7.2. Let {T g } g∈G be a nonsingular properly ergodic action on (X, m). If {T g } is weakly doubly ergodic, then it is ergodic with isometric coefficients (EIC).
Proof. Let φ : (X, T g , m) → (Z, S g , φ * m) be a factor map, where we can assume the metric space (Z, d) is separable and S g is an isometry for each g ∈ G. Set m ′ = φ * m. Let x, y be points in the support of the measure m ′ , which we may assume are distinct. Let r = d(x, y) > 0. As all (positive radius) balls centered at x and y have positive measure, and factors are also weakly doubly ergodic, there exists g ∈ G such that m ′ (S g B(x, r/4)∩B(x, r/4) > 0 and m ′ (S g B(x, r/4)∩B(y, r/4) > 0. As S g is an isometry, S g (B(x, r/4) is a ball also of radius r/4, contradicting the triangle inequality. Therefore the factor is trivial and the action {T g } is EIC.
Measurable Sensitivity.
A related notion to EIC that we discuss now only for transformations is W-measurable sensitivity, which is defined in [19] . A transformation is said to be W-measurably sensitive if for all µ-compatible metrics d (that is, all metrics which satisfy ε > 0 =⇒ µ(B(x, ε)) > 0 for a.e. x), there is a δ > 0 such that for almost every x ∈ X, lim sup
for almost every y ∈ X. A classification result in Theorem 1, [19] shows that all conservative ergodic nonsingular transformations T are W-measurably sensitive or isomorphic mod µ to an invertible minimal uniformly rigid isometry on a Polish space. A transformation is called L ∞ -weak mixing if the space L ∞ (X, µ) has no nontrivial invariant subspaces of finite dimension. We show that W -measurable sensitivity need not imply L ∞ weak mixing, which is one of the weakest notions of mixing in the infinite measure case (in integer actions, this is equivalent to weak mixing: see Remark 0.2 of [17] ). Theorem 1 of [17] gives the following useful chain of implications, into which we introduce WDE: Proof. If T is EIC but not W -measurably sensitive, then Theorem 1 in [19] shows that it must be isomorphic mod µ to an isometry on a Polish space, so taking φ as the isomorphism shows that T is not EIC. The resulting metric space is separable by µ-compatibility of the metric (Lemma 5.3 of [19] ), and the fact that any µ-compatible psuedometric is separable (Proposition 2.1, [19] ).
To show that the converse does not hold, consider a transformation for which T 2 × T 2 is ergodic nonsingular on a measure space X. Let Y = {0, 1} × X and the transformation S on Y be defined by S(t, x) = (t + 1 (mod 2), T (x)). Letting
is also closed on each of these sets. Now there exists a δ > 0 such that for any s, t ∈ {0, 1}, there exists a positive measure set of points A st ⊂ X s × X t such that d(x, y) > δ for all (x, y) ∈ A st . Under conservative ergodicity and nonsingularity,
for any positive measure set B ts and any N ∈ N. In particular, almost every point of X s × X t is sent to A st infinitely often, so indeed S is W-measurably sensitive on Y . However, S has a rotation on two points as a factor, so it fails to be weak mixing, and thus L ∞ -weak mixing, on the same set.
7.3. Koopman Mixing. It now follows by Theorem 6.5 that there exist Z actions that are EIC and with infinite conservative index but with non-ergodic cartesian square. This example is different from the examples in [17] . We note that in [17] , the authors construct three examples that are EIC but with non-ergodic cartesian square (not doubly ergodic in the notation of [17] ). The first example in [17, 3.5 ] is a nonsingular action of a nonabelian group which is SAT (a property that does not hold for nontrivial actions of abelian groups [17, 3.2] ), hence EIC, but not ergodic cartesian square. It is interesting to note that by Lemma 7.1, the proof in [17, 3.5] also shows the action is not weak doubly ergodic. Similarly, the example in [17, 5 .1] is a nonabelian action which is EIC and for which the proof in [17, 5.1] shows it is not weak doubly ergodic. Thus these two examples are EIC and not weak doubly ergodic but for nonabelian actions. The third example in [18, Proposition 7 .1] is a Z action T that is EIC but is such that T × T is not conservative, hence not ergodic, thus different from our example which has infinite conservative index.
We conclude this section with an example of an ergodic and Koopman mixing transformation that is not EIC. An infinite measure-preserving transformation T is Koopman mixing if for all sets A, B of finite measure lim n→∞ µ(T n A ∩ B) = 0. This notion was defined by Hajian and Kakutani as zero-type, see [16] . We recall that the Koopam operator U on L 2 is defined by U (f ) = f • T ; then mixing for a finite measure-preserving transformation is equivalent to the fact that U n converges weakly to 0 in the orthocomplement of the constants. When the measure is infinite, as 0 is the only constant in L 2 , this condition is equivalent to Koopman mixing; this has been called mixing in other works, see e.g. [13] . In rank-one transformations, the following property guarantees that a transformation is not EIC.
Lemma 7.4. Let T be a rank-one transformation with height set elements that are all divisible by k, for some k ≥ 2. Then T is not weak mixing, and thus not EIC.
Proof. Define the function L : X → {0, . . . , k − 1} sending x to the height, reduced modulo k, of the level containing x in the first column C i(x) in which x appears,. It follows that in all subsequent columns, x appears in levels of height L(x) (mod k). Hence, T has a rotation on k elements as a factor. Proposition 7.5. There exists an ergodic Koopman mixing infinite measure preserving transformation that is not L ∞ weak mixing.
Proof. We use an ergodic rank-one transformation which uses all even height set elements. Take for instance the transformation which uses H n = 0, 2h n , 4h n , . . . , 2 n+1 h n , where we add at least (2 n+1 + 1)h n spacers on the last subcolumn (this number we select so that h n+1 is even). Take any union of levels B from column C m , with descendant heights indexed by D(B, n), for all n ≥ m.
We will show that it is impossible for µ B ∩ T k (B) ≥ 2 n µ(B) when k ≥ h n for some n ≥ m. Indeed, suppose that this were the case: then we could write k ∈ [h n , h n+1 ) for such a n. Consider the column C n+1 , which contains n + 2 copies of D(B, n) at heights given by D i (B, n + 1) = 2 i h n + D(B, n), i = 1, . . . , n + 1 and D 0 (B, n + 1) = D(B, n) (call their union D(B, n + 1)). We can consider only k ≤ h n+1 /2, for if k > h n+1 /2 then in column C n+2 each copy of D(B, n + 2) is sent entirely to the spacers comprising the upper half of C n+1 or to the (at least) h n+1 spacers added to each subcolumn of C n+1 to produce C n+2 .
For such a k ≤ h n+1 /2, if our supposition holds, it must be true that k + D(B, n + 1) ∩ D(B, n) ≥ 2 n |D(B, n + 1)|, for we can express B ∩ T k (B) entirely as a union of levels in C n+1 . Since k ≥ h n , any copy D i (B, n + 1) cannot intersect itself under translation by k. Also, it is clear that any copy of D(B, n) in C n+1 can intersect at most one other copy. Suppose that k + D i (B, n + 1) ∩ D j (B, n + 1) = ∅ for some j > i ≥ 1. Then it must be the case that 2
Clearly, k can only hold this property for one pair (i, j) with i, j ≥ 1, so there can only be one nonempty intersection of the form 
where n(k) is the unique value of n such that k ∈ [h n , h n+1 ). By a simple approximation argument, like that employed in Theorem 6.4, T is Koopman mixing but not weak mixing by Lemma 7.4.
We now have in Theorem 6.4 a transformation which is weak doubly ergodic (thus weak mixing) but not Koopman mixing, and in this lemma a Koopman mixing transformation that is not L ∞ -weak mixing. It follows that weak double ergodicity (and L ∞ -weak mixing) is independent from Koopman mixing.
Further Observations on WDE
8.1. WDE on a Partition. For any k ∈ N, Lemma 7.4 uses a transformation T which has the shift by 1 on Z k as a factor (take the factor map ψ which assigns each point to the height of the level (mod k) in which it first appears). Though T is not EIC for k ≥ 2, it is possible for T to be WDE on each set ψ −1 (z), z ∈ Z k . With k = 2, this was essentially the case of Proposition 5.1 in [9] , where ψ −1 (0) was a set intersecting each interval in R in positive measure. Additionally, it is possible for T to be power weakly mixing on each
Lemma 8.1. For any k ≥ 2, there exists a rank-one T which is not L ∞ -weak mixing but is WDE on a partition of size k. There also exist rank-one transformations T that are not L ∞ -weak mixing but are power weakly mixing on a partition of size k.
Proof. Let T be a staircase-type transformation using steps of size k, so
i , all elements divisible by k. The partition is then the k sets S ℓ , 0 ≤ ℓ ≤ k − 1, containing the x which appear in levels of height ℓ (mod k). The proof of double ergodicity on each S ℓ is almost identical to that of Proposition 4.4 with the minor difference that differences between level heights must be multiplied by k. T is not L ∞ -weak mixing by Lemma 7.4.
Similarly, one can take a power weakly mixing rank-one T (e.g. see [15] ) and multiply all of its height set elements by k. Letting S ℓ , ℓ = 0, . . . , k − 1 be defined as before, then T k is a rank-one transformation that is closed on S ℓ with the same height sets as T , so it is power weakly mixing on each S ℓ but not L ∞ -weak mixing.
Invariant Sets when T is not WDE. From the definition of double ergodicity it is clear that if T is not weak doubly ergodic, T × T is not ergodic (i.e. (T × T )
−n (A × A) does not intersect A × B for any positive n). What is less clear is what the neither null nor conull invariant sets for T × T are; with the following Lemma we can make this determination. 
Proof. The implication (I) =⇒ (II) is clear, so we only need to show the converse. Suppose for the sake of contradiction that there exist positive measure sets A, B such that the only n such that µ(A ∩ T n A) > 0 and µ(B ∩ T n A) > 0 are positive. First, we establish that these n are bounded; by supposition we can find an n 1 such that µ(A ∩ T n1 A) > 0 and µ(B ∩ T n1 A) > 0, and this n 1 is strictly positive or else µ(A ∩ B) > 0 and any n such that µ T −n (A ∩ B) ∩ (A ∩ B) > 0 would be a contradiction. By (II) there exists an n 2 such that
and again by supposition n 2 > 0. Thus, µ(A∩T n1+n2 A) > 0 and µ(B ∩T n1+n2 A) > 0. Continuing in this manner, the exponent can be made arbitrarily large.
Now by ergodicity of T , there is some i ∈ Z such that µ(T i A ∩ B) > 0. By (II), by the assumption on A and B, and by the result just deduced, the set of n such that
> 0 is both positive and unbounded. But for such an n, by application of T i−n to the first inequality T −n to the second, one obtains:
As n can be chosen to be arbitrarily high, this is a contradiction.
The implication (III) =⇒ (II) is clear. The converse is established by the proof of Proposition 2.1 in [9] with the minor change that ℓ can be positive or negative.
Note that Lemma 8.2 precludes an obvious example of EIC =⇒ DE, which is an invertible transformation T for which there exist positive sets A, B, C, D such that all n such that µ (T × T ) n (A × B) ∩ C × D are strictly positive. Such a T would be EIC by the same argument of Proposition 7.2 but not WDE by definition. By the equivalence obtained above, we can exactly give some invariant positive not-full measure sets for T × T when T is not WDE:
If T is nonsingular ergodic, and T is not weak doubly ergodic, then
9. Appendix:
A notion related to partial rigidity was defined in [21] where a transformation is said to be of α-type, 0 < ρ ≤ 1, if for every finite measure set A, lim sup n→∞ µ(T n A∩A) = αµ(A). Examples of such transformations with α ∈ [0, 1] are given in [21] . We will study these properties in conjunction with various ergodic properties. We will be interested in α-type transformations with α < 1; these transformations are called rigidity-free transformations in [22] . We note that rigidity-free is equivalent to lim inf k→∞ µ(T k A △ A) > 0 for all finite measure sets A of positive measure.
We examine the partial rigidity properties of weak doubly ergodic transformations with T × T conservative but not ergodic. We will show that we can have a high degree of control over the partial rigidity of transformations without sacrificing these properties. The goal is to have a 1 − q −1 -type transformation which we denote T q , for all integers q ≥ 2. Since α-type implies partial rigidity which in turn implies infinite conservative index, the transformation of this section is a refinement of that of section (4) . First, we define T q by its height set sequence. Fix a natural number q ≥ 2. For n even, set H n = 0, γ n , 2γ n , . . . , (q −1)γ n , where γ n = 2h n ; because we always have the inequality h n > max D(I, n), this must imply 2h n > 2 max D(I, n) + 1. For n even, max D(I, n + 1) can be calculated explicitly as max D(I, n) + (q − 1)γ n . Note that by Lemma 4.7, we can choose the number of cuts to be employed in the next height set r n+1 so high that at least 1− (2) for m = 2qγ n , we see that we can set (6) r n+1 > 2 (2m − 1)n 2 + n 2 − 2m 2 n 2 + n 4 − 4mn 4 + 4m 2 n 4 to achieve the desired inequality. Then, add enough spacers on the rightmost subcolumn of column C n , n even in order to get
Finally, set
For n odd, we write H n = β 0 , . . . , β rn−1 , where β i = ih n + x i − 1, and x i is the ith triangular number.
Consider a set B which is a finite union of levels in C n−1 , where n is odd. Note that for any j ≥ −1, B can be written as a finite union of levels in C n+j . Call this finite union D(B, n + j). In particular, observe that
Thus, there are r n copies of D(B, n) in D(B, n + 1), which we denote by D i (B, n + 1) = β i + D(B, n). It is clear that the diameter of the set D(B, n) is at most (q − 1)γ n−1 + h n−1 − 1 < 2qh n−1 , but we always have β i − β i−1 > h n > 10qh n−1 . So the distance from the bottom of any one copy of D(B, n) in D(B, n + 1) to the bottom of its adjacent copies is more than twice its diameter, and under nonzero translation of D(B, n + 1), any such copy can intersect with only one other copy. We now discuss the descendant sets of T q .
Fix an integer k > 0. For brevity, define
for some j, 0 ≤ i < r n as the set of indices of translated copies of D(B, n) having nonempty intersections with another D(B, n)-copy in D(B, n 1 ). For any k ≥ 1 and i ∈ S n , we may also define the bijection φ k (i) from S n to {0, . . . , r n } sending i ∈ S n to the unique index j satisfying k + D i (B, n + 1) ∩ D j (B, n + 1) = ∅. For n odd, this allows us to write intersections of D(B, n + 1) with its translates by k as individual intersections of D(B, n)-copies with other copies:
These definitions aid in the proof of the following lemma:
Lemma 9.1. Let n be odd and B a union of levels in C n−1 . Let K ⊂ N denote the set of positive integers k such that
Proof. For the first claim, fix an integer k ∈ K c ∩[1, . . . , 2qh n−1 ]. Then k is too small to bridge the distance between adjacent D(B, n)-copies in D(B, n + 1), so for any i ∈ {0, . . . , r n − 1}, either i ∈ S n or φ
We now require some notation to deal with elements of S n . Fix an integer k > 2qh n−1 . We will partition S n into the disjoint union of sets I 1 ⊔ I 2 ⊔ . . . ⊔ I p as follows: let i 1 be the minimal element of S n , and let I 1 = i ∈ S n : φ k (i) − i = φ k (i 1 ) − i 1 . Then let i 2 be the minimal element of S n \ I 1 (if it exists), and let
Fix an ℓ ∈ {1, . . . , p}, and an i ∈ I ℓ . Then we should have
Because k > 2qh n−1 , which exceeds the diameter of D(B, n), it is impossible for the k-translated copy D i (B, n) to intersect itself, so j ℓ − i ℓ > 0. Crucially, the diameter of D(B, n) also implies that for every i ′ ∈ S n , φ k (i ′ ) must satisfy
By application of (10) and (11), for every z ∈ i ′ − i ℓ , i ′ ∈ I ℓ , the following inequality must hold:
Lemma 9.2. Let n be odd and B be a union of levels in C n−1 . Let S n = I 1 ⊔. . .⊔I p , as previously described.
Proof. The proof of the lemma is trivial in the case where S n = ∅, so suppose first that I 1 is nonempty and p = 1. The bounds in (12) imply that |S n | = |I 1 | < 4qhn−1 j1−i1 ≤ 4qh n−1 . But by equation (6), r n > 8qγ n = 16qh n−1 . Thus, |S n | < rn 2 , so use of (8) implies:
Now suppose that p > 1. By (12) , |I p | < 4qhn−1 jp−ip . Also, for any z ∈ Z with −i p ≤ z < r n − j p , we may write
In the case where z ≤ − 4qhn−1 jp−ip , Whenever j ≤ j p , (10) implies that
Such z and j do not satisfy (11) , so k + D ip+z (B, n + 1) has empty intersection with all D(B, n)-copies D j+z (B, n + 1) with j ≤ j p . In addition, when z ≥ − 9rn jp−ip and j ≥ j p + 1, then we should have
We now show that i p − 9rn j1−i1 > 0. By supposition, i p−1 ∈ S n is a nonnegative integer less than i p such that φ k (i p−1 ) − i p−1 = φ k (i p ) − i p . Set z = i p−1 − i p . Suppose for the sake of contradiction that z ≥ − 9rn jp−ip : then, as we have already deduced, k + D ip−1 (B, n + 1) = k + D ip+z (B, n + 1) cannot intersect D j+z (B, n + 1) whenever j ≥ j p + 1. We also find that for j ≤ j p − 1,
< β jp − β ip − k − h n < 2qh n−1 − h n < −8qh n .
So D ip−1 (B, n + 1) has empty intersection with all sets D j+z (B, n + 1) with j ≤ j p − 1. But this is impossible, because then we must have φ k (i p−1 ) = j p + z = j p + i p−1 − i p , implying that φ k (i p−1 ) − i p−1 = j p − i p , which is a contradiction. So One question that arises from Theorem 6.4 is whether α-type transformations with α < 1 are weak doubly ergodic. We answer in the negative, with the following lemma.
Lemma 9.7. For all q ∈ N that are at least 2, there exists an infinite measure preserving 1 − q −1 -type transformation T on X which is not EIC, hence not weak doubly ergodic. Proof. Construct T with H n = {0, 2h n , . . . , 2(q − 1)h n }, for all n. Always place at least one spacer on the rightmost subcolumn of C n . By Proposition 5.1, it is clear that T is at least 1 − q −1 -partially rigid. By the method of Lemma 9.3, it is straightforward to show that there is a finite set K ⊂ Z such that if k ∈ K, D(B, n)∩(k+D(B, n)) ≤ 1 − q −1 |D(B, n)| for any B a collection of levels from C i and n ≥ i. Thus, by the argument given in Theorem 6.4, T is of 1 − q −1 -type. Finally, T is not EIC by Lemma 7.4.
